Based on our work 1], we discuss how U-duality arises as an exact symmetry of M-theory from T-duality and 11D di eomorphism invariance. A set of Weyl generators are shown to realize the Weyl group of SO(d; d; Z) and E d(d) (Z), while Borel generators extend these nite groups into the full T-and U-duality groups. We discuss how the BPS states fall into various representations, and obtain duality invariant mass formulae, relevant for the computation of exact string amplitudes. The realization of U-duality symmetry in Matrix gauge theory is also considered.
Introduction
Once thought of as distinct ten-dimensional consistent perturbative theories, the ve superstring theories are now understood as ve di erent asymptotic expansions of a unifying eleven-dimensional M-theory in di erent corners g s ! 0 of its moduli space, with string dualities providing the transition functions between these patches 2]. Due to the asymptotic nature of string perturbation theory, this still only covers a zeromeasure set of the moduli space, while analytic continuation to nite g s can be achieved for quantities that are protected from quantum corrections, such as the BPS spectrum and BPS-saturated amplitudes. One-loop exact amplitudes on one patch translate into non-perturbative amplitudes in the dual one, and world-sheet instantons turn into semi-classical con gurations of Euclidean branes wrapped on non-trivial cycles of the target space.
On the other hand, non-perturbative symmetries identify di erent points in the moduli space and hold for any amplitude. The prototypical example is the Sl(2; Z) S-duality symmetry of ten-dimensional type IIB theory, which was used to obtain the exact four-graviton R 4 amplitude as the weight s = 3=2 Sl(2; Z) Eisenstein series 3]: E Sl(2;Z) s=3=2 = 2 (3) X p^q=1 3 (p;q) (1) where (p;q) = p 2 0 =jp + q j is the Einstein-frame inverse tension of a (p; q) string, and = a + i=g s the complex modulus in the upper half plane. This result follows from supersymmetry constraints and S-duality invariance 4]. The weak coupling expansion reproduces the tree-level and one-loop contributions, implies perturbative nonrenormalization beyond one-loop, and exhibits a sum of D-instanton e ects. More generally, exact amplitudes should be given by (non-holomorphic) automorphic forms of the symmetry group, selected on the basis of the leading perturbative behaviour and supersymmetric constraints 5]. From a study of this and other exact results, one may hope to infer the rules of instanton calculus in string theory 3, 5, 6].
The purpose of this talk is to extend these considerations to the lower-dimensional case of M-theory compacti ed on a torus T d , where the symmetry gets enlarged to the U-duality group E d(d) (Z) 7], and correspondingly more states come into play. We rst review some basic facts about M-theory and its relation to type IIA string theory, then discuss the continuous hidden symmetry 8] of toroidally compacti ed 11D supergravity. Only a discrete subgroup of this symmetry may remain as a quantum symmetry of Mtheory, and we show how this U-duality follows from T-duality and 11D di eomorphism invariance. We rst focus on a set of Weyl generators of these groups, and derive how the BPS spectrum falls into representations thereof 9]. Borel generators are then included to obtain duality invariant mass formulae. Finally, we use the connection between Mtheory in Discrete Light-Cone Quantization and Matrix gauge theories 10] to uncover the spectrum of the latter theories, and discuss the realization of U-duality in these non-gravitational theories. This talk is a shortened version of Ref. 1] , to which the reader is referred for a more extensive discussion and list of references.
2 M-theory, BPS spectrum and hidden symmetries M-theory was originally introduced 2] as the strong coupling limit of type IIA string theory. It reduces to 11D supergravity at low energies, and is conjectured to exhibit eleven-dimensional N=1 super Poincar e invariance. In particular, M-theory compactied on a circle S 1 of radius R s gives type IIA string theory with R s =l p = g 2=3 s ; l 3 p = g s l 3 s
where l p denotes the 11D Planck length, and g s and l s the string coupling and length.
Indeed, one observes that at strong coupling g s ! 1 the eleventh direction decompacti es. The massless spectrum of type IIA string theory gets uni ed in the 11D setting as g MN ' (g ; ; A ) ; C MNR ' (B ; C )
(3) in terms of the M-theory graviton and antisymmetric three-form and the NSNS elds (g; B; ) and RR gauge potentials (A 1 ; C 3 ) of type IIA string theory (the lower index denotes the number of antisymmetric indices); so do the half-BPS states, charged under these elds: KK = (DO; KK) ; M2 = (F 1; D2) ; M5 = (D4; NS5) ; KK6 = (KK5; D6; : : :) (4) Here the rst (resp. second) entry in each parentheses corresponds to longitudinal (resp. transverse) reduction with respect to the eleventh direction. This identi cation can be most easily seen from the mass or tension of the M-theory BPS states, T 0 = 1=R s , T 2 = 1=l 3 p , T 5 = 1=l 6 p , T 6 = R 2 T N =l 9 p for the Kaluza-Klein momentum state, M2 and M5 brane, and KK6-brane (or Taub-NUT monopole), using the relations in (2) . As a side remark, the KK6-brane may also be reduced along a non-compact direction of the Taub-NUT space, giving rise to a state with tension proportional to R 2 T N R s =l 9 p 1=g 3 s and a logarithmically divergent geometry at in nity ( rst reference in 11]). As we shall see, U-duality predicts many more such states with exotic tensions T 1=g p 3 s for compacti cation to D 3 dimensions 1, 11].
Upon compacti cation on a torus T d , 11D SUGRA exhibits a group of continuous global symmetry G, as well as a (composite) gauge invariance under its R-symmetry maximal compact subgroup K, as listed in Table 1 8 ]. The symmetry can be seen among the scalar elds, which take value in the symmetric space KnG. The local K-invariance can be gauge-xed thanks to the Iwasawa decomposition G = K A N (5) into maximal compact K, Abelian A and nilpotent N subgroups. A natural gauge is obtained by taking K = 1, so that the moduli can be represented as a vielbein:
the Abelian factor A is parametrized by the radii R I of the internal torus, while the nilpotent factor N incorporates the expectation values of the o -diagonal components of the metric and of the gauge potentials C 3 on the torus, as well as their Poincar edual K 1;8 and E 6 . The symmetry group G d acts on the right on the coset KnG, and induces a compensating moduli-dependent K-rotation to preserve the gauge K = 1. The massless spectrum also includes a number of p-forms, given for p = 1; 2 in the last two columns of Table 1 , where dualization into forms of lower degree has been (8) 78-36 27 27 4 7 E 7 (7) SU (8) 133-63 56 .
3 8 E 8 (8) SO (16) 248-120 . . Table 1 : Cremmer-Julia symmetry groups and scalars, 1-forms and 2-forms.
While the low-energy e ective action is invariant under the continuous group G, the existence of charged states implies that the symmetry remaining at the quantum level is at most a discrete subgroup thereof. In particular, some charges correspond to momenta in compact directions (resp. string or brane wrapping numbers around cycles of the torus), and therefore take values in the reciprocal (resp. homology) lattice. The (6) On the other hand, 11D di eomorphism invariance implies that the mapping class group Sl(d; Z) of the torus T d be an exact symmetry, whereas T-duality holds to all orders in type IIA string perturbation theory and therefore in M-theory as well. These two symmetries certainly preserve Dirac quantization, and the U-duality group of M-theory is therefore E d(d) (Z) = Sl(d; Z) ./ SO(d ? 1; d ? 1; Z) ; (7) where the symbol ./ denotes the group generated by the two non-commuting subgroups.
In the following, we elucidate this equality by studying the action of a set of Weyl and Borel generators.
Dynkinese approach to T-and U-duality
We rst construct a set of Weyl generators for the T-duality symmetry group SO(d; d; Z) of toroidally compacti ed type II string theory. The moduli space of the NSNS sector of type II string theory on T d displays a structure analogous to (5) 
which is precisely the one of SO(d; d). On this diagram, we have also indicated the tensions of the fundamental weights associated to the the extremal nodes, which show that the KK modes on the torus together with the string winding states transform as a vector, while the two spinor representations correspond to a multiplet of D-particles and D-strings respectively. We now apply the same techniques to the Weyl group of the U-duality group (7) of M-theory on T d 9]. In this case, we rst need to translate the double T-duality 
Not surprisingly, this is the Dynkin diagram of the E d(d) groups. Note that for d = 9, the invariant Planck length vector V R =l 9 p becomes null, and it is no longer possible to go to the orthogonal subspace. This is consistent with the fact that E 9 is the a ne Lie group associated to E 8 , and implies that the representations are in nite dimensional. For d > 9, the symmetry is even more dramatic, with hyperbolic E 10 or Kac-Moody E 11 , while for d < 9 we recover the groups in Table 1 . The representations corresponding to the extremal nodes indicated in (13) correspond to a particle multiplet with highest weight M = 1=R d (a KK mode) , a string multiplet with highest weight T 1 = R 1 =l 3 p (a singly wound M2-brane), and a membrane multiplet with highest weight 1=l 3 p . The particle and string multiplets are precisely the ones charged under the one-and twoform potentials in Table 1 . The other members in the same multiplet are obtained by applying Weyl re ections on these highest weights, and e.g. for d = 7, the particle multiplet transforms in the 56 of E (7 (7) with content listed in Table 2 . The multiplet consists of the particle states obtained from the KK state and completely wrapped M2, M5 and KK6-branes. It restricts to the lower-dimensional particle multiplets upon decompacti cation, and decomposes as perturbative states, D-branes and NS-branes under T-duality. We do not display the d = 8 particle multiplet, but point out that the latter branches into additional representations under T-duality, and in particular contains states with a mass of order 1=g 3 s , akin to the KK6-brane discussed in section 2. This behaviour arises as soon as less than three transverse dimensions are present, and signals a non asymptotically at geometry. 
It turns out that the half-BPS condition on the particle multiplet transforms as the string multiplet constructed out of the particle charges 1], which also follows on dimensional grounds: 
As an example, the last column of Table 2 gives the corresponding gauge theory masses corresponding to the particle multiplet of E 7 (7) . We can make a more precise comparison of the U-duality invariant masses with the proposed quantum descriptions for d = 3; 4; 5. In the rst case the D3-brane description is valid so that we have N=4 supersymmetric gauge theory in 3+1 dimensions. The The Sl(5; Z) U-duality symmetry is now naturally interpreted as the symmetry of M5 on the ve-torus, and indeed from the invariant masses we can infer directly that A I = IJKL C JKL appears as the KK gauge eld on T 5 = T 4 S 1 . Finally, for d = 5
the quantum theory is the non-critical string theory living on the NS5-brane (obtained by type IIB S-duality from the D5-brane) with string lengthl 2 s = g 2 YM . The SO(5; 5; Z) U-duality symmetry is now interpreted as the T-duality symmetry of the string theory, and from the invariant masses we infer that B IJ = IJKLM C KLM is the Beld of string theory on NS5-brane. For d 6 gravity does no longer decouple anymore. These conclusions can also be reached from the Born-Infeld action in the scaling limit 1].
Finally, we mention that the string and particle multiplet of E d(d) (Z), together with the momentum N and some additional charges, make a string multiplet representation of E d+1(d+1) (Z), as should be the case if the DLCQ proposal is correct 1, 11].
